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Multiplicative Reasoning

This unit’s activities continue the study of multipli-
cation and division. Students encounter many types
of multiplication and division problems, discover
different strategies for solving problems, and learn
to communicate their solutions in many ways.

The concepts developed in this unit serve as a foun-
dation for many important mathematical ideas that
students will use in later units and grades. The rep-
resentations in this unit support students’ develop-
ment of multiplicative reasoning that is not only
necessary for successful whole number computation
with both multiplication and division, but is a vital
component of students’ understanding of fractions
and development of proportional reasoning. For
example, identifying patterns in tables and then
looking for the same patterns in a point graph serves
students on many levels. See Figure 1. On one level,
students are practicing multiplication facts in a real-
world context. At the same time, students are devel-
oping important pre-algebra concepts about
variables, patterns, and graphs that contribute to
understanding fractions and proportions. 

Types of Multiplication 
and Division Problems

Researchers have identified different types of multi-
plication and division problems. While students do
not need to be able to identify these different types of
problems by name, it is important that they encounter
and solve them. Below is a discussion of the different
types of problems, all of which are included in our
third-grade curriculum.

Problems Involving a Number of Equal Groups.
The problems involved in Making Teams (Unit 3
Lesson 4) are good examples. Using the same situa-
tion, three different questions emerge. One question is
interpreted as a multiplication problem, the other two
as division problems.

• The unknown is the total number in all the
groups. If there are 5 teams with 4 members
on each team, how many players are there in
all? There are two known factors and a miss-
ing product. Using established knowledge,
students often interpret this correctly as a
repeated addition problem (4 � 4 � 4 � 4 �
4 � 20). Through classroom experiences with
many such problems, they connect the
repeated addition sentence to a multiplication
sentence (5 � 4 � 20).

• The unknown is the number of groups.
Twenty members of a class are divided into
teams of 4 members each. How many teams

Figure 1: Using a data table and graph to solve multiplication and division problems
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Figure 2 : A bar graph for qualitative variables and a point graph for quantitative, nondiscrete variables 
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are there? The problem gives the total number
in all the groups and the measure or size of
each group. This aspect of division is called
measurement division.

• The unknown is the number in each group.
Twenty members of a class are divided
equally into 5 teams. How many students are
on each team? The problem gives the total
number of students and the number of groups
or partitions. This aspect of division is known
as partitive division.

Jumps on a number line and arrays provide addi-
tional experiences with multiplication and division
with equal groups. Successive jumps of equal size
on a number line were introduced in Unit 8 using a
subspecies of math hoppers called constant hop-
pers. They provide a model for multiplication as
repeated addition. An array, which is introduced in
Unit 8, is a collection of objects arranged in rows of
equal size.

Problems Involving Scale Factors. This type of
problem is often found in TIMS laboratory experi-
ments. For example, after students have rolled three
different cars down a ramp, they might be asked
whether one car rolled three times as far as another.
Similarly, when finding the mass of objects, they
may be asked whether the mass of one object is
one-half the mass of another object. 

A Cartesian Product. This type of problem asks
for the number of possible pairs that can be made
from two sets. For example, if one is a set of two
shirts and the other is a set of three pants, the prob-
lem is to find all six possible shirt-pant pairs. Young
children are able to solve this type of problem using

manipulatives and diagrams. This type of problem
is practiced in the Daily Practice and Problems
thoughout the year.

It is not important for students to identify the prob-
lem types by name. However, experiences with
many types of problems will provide a strong con-
ceptual foundation not only for multiplication and
division, but also for fractions, ratios, and propor-
tional reasoning as well.

Notes on Graphing

The graphing techniques in this unit are an integral
part of Math Trailblazers®. They are powerful tools
for studying many of the big ideas students will
encounter in their study of mathematics, especially
algebraic concepts. In this unit students learn to
represent data using point graphs as well as bar
graphs. In the lessons Lemonade Stand, Mr. Green’s
Giant Gumball Jamboree, and Walking around
Shapes, students use point graphs to investigate
multiplication and division.

In subsequent units, students will choose which kind
of graph is the most appropriate to use in a given situ-
ation. Since a graph is a visual representation of the
relationship between variables, the appropriateness of
the graph depends on the type of variables in the
experiment. Up to this point, students have used bar
graphs to represent data and study the relationships
between variables. For example, Figure 2 shows the
graph from Which Picks Up More? in Unit 5. The
horizontal axis is labeled with the various types of
paper towels. The variable type of towels is discrete;
that is, there are no values between Brand 1, Brand 2,
and Brand 3. Thus, it does not make much sense to
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connect the data points with a line. A bar graph is the
appropriate type of graph for representing this data.

However, in Lemonade Stand the variable number of
pitchers is continuous, that is, the values between the
data points are meaningful. For example, it makes
sense to talk about 3 or 7�

1
2� pitchers, instead of just 1,

2, 4, and 8 pitchers. In this case, drawing a line
between data points is meaningful. Drawing a line
between them helps show a relationship between
number of pitchers and number of lemons that can be
used to predict the values of the in-between points.

Lemonade Stand is students’ first exposure to point
graphs. To simplify students’ initial attempts at
graphing, they graph the data on a bar graph first
and then convert the bar graph to a point graph.
Students find that the points fall on a straight line
and use a ruler to draw the line passing through
them, as shown in Figure 2. Later, this line becomes
the basis for making predictions about values that
lie between and beyond the data points. Making
predictions about values that fall between data
points is called interpolation. Making predictions
about values that lie beyond data points is called
extrapolation.

Although point graphs are often used when both
variables are quantitative, that is not always the case.
The two variables in the experiment First Names in
Unit 1 are number of letters and number of students.
While both of these variables are quantitative, they
are also discrete— it is not meaningful to speak of 
6�
1
2� letters in a name or 6�

1
2� people who have that num-

ber of letters in their names. Thus, a line on a point
graph, in which values between data points are repre-
sented, would not be appropriate. The data in First
Names, therefore, is best represented on a bar graph.
See Figure 3.

Algebra in the Early Grades

James Kaput (2008), an expert in algebra, suggests
there are three strands of algebraic reasoning: 

Strand 1. Study of generalized arithmetic and
quantitative reasoning

Strand 2. Study of patterns, relations, and func-
tions

Strand 3. Process of mathematical modeling

The Buying Giant Gumballs activity in Lesson 5
embodies these strands of algebra and is an exem-
plar of the kinds of experiences recommended by
the National Research Council. In this activity and
in other activities in this unit students use the mod-
els of graphs and tables to represent and use the
relationships between the variables in the problem.
Students also invent strategies to reason about the
variables. This reasoning then leads to the develop-
ment of more formal algorithms or generalized
arithmetic.

We believe that from the earliest grades of ele-
mentary school, students can be acquiring the
rudiments of algebra, particularly its representa-
tional aspects and the notion of variable and func-
tion.  By emphasizing both the relationships
among quantities and ways of representing these
relationships, instruction can introduce students to
the basic ideas of algebra as a generalization of
arithmetic. (National Research Council, 2001).

Figure 3: A bar graph for quantitative, discrete variables
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Math Facts and Mental Math

Multiplication Facts. This unit continues a systematic review and assessment of the student’s fluency with
the multiplication facts. In this unit students will have opportunities to gain fluency with the multiplication
facts for the square numbers. Students should be encouraged to reason from facts they know and to break the
facts into factors they know. For example, to solve 8 � 8, use 2 � 8 � 16 and 16 � 16 � 16 � 16 = 64, so 
8 � 8 � 64.
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